As the complexity of industrial systems increases, the necessity also increases for more reliable, robust and accurate Fault Detection and Diagnosis (FDD) techniques. This article proposes a methodology for the design of an FDD system, based on an energy visualisation of an axial-flow compressor system. This method investigates the steady state and transients of the system for residual generation. A nonlinear model is derived for this compressor system that are capable of modelling compressor instabilities such as rotating stall, surge and leaks. A power-energy analysis is done using the state variables of the system under normal and fault conditions and are visually presented. Two fault conditions are analysed in terms of power and energy. The first test case introduces a leak in the system. The second focuses on the more complex situation when the system enters an unstable operation, namely rotating stall. The results indicate that the power and energy of the system may be useful for the purposes of FDD.
INTRODUCTION
As the complexity of large-scale industrial systems increases, issues such as safety, reliability, performance and cost become all the more important. Faults that occur in a system can influence all four of these factors. A properly designed FDD system can minimise the severity of the consequences of these faults. Gertler (1998) categorised FDD systems as either model-free or model-based. Model-free methods are based on physical redundancy, where additional hardware is used to detect any deviation in the system's operation. Isermanm (1997) stated that model-based methods implement analytical redundancy by using a model of the observed system to detect abnormalities.
Model-based methods are mostly favoured over model-free methods since they do not impose penalties such as volume, mass and cost according to Bokor and Szabó (2009) . Modelbased methods such as observer-based, parity-space and parameter identification are well-known methods in literature. García-Matos et.al. (2013) conducted a model-based FDD on an axial-flow compressor of a Combined-Cycle Power Plant. Their methodology is based on a hybrid approach that entails a physical model and a multilayer perceptron (MLP) model for residual generation. This was done for general fault conditions that may occur in a compressor system. Typical faults, such as leaks, blockages and fouling can occur in a compressor system according to Breese et al. (1992) .
Leaks are caused by corrosion and development of high pressures in components that results in an undesired discharge of pressure from the system. Instabilities are also common in axial-flow compressors. Gravdahl (1998) discussed two examples of such instabilities namely rotating stall and surge.
Faults cause abnormalities in the response of a system, which in turn result in undesired energy exchanges within the system. Advances in nonlinear energy-based FDD methods have made it possible to monitor these energy exchanges. Chen (2011) has applied this approach to the energy balances of a pendulum and robot manipulator in two test cases.
This paper aims at illustrating the potential of using an energy-based visualisation of an axial-flow compressor system for designing an FDD system. In order to illustrate this potential, a leak is introduced in the compressor system, and the effects on the energy response are analysed. A second test case is investigated, where a change in operating point causes the compressor to enter rotating stall.
In this paper, the state space model of an axial-flow compressor system is derived in Section 2. The model is extended to include the dynamic effects of a leak in the plenum. Section 3 contains the simulation and validation of the model. The validation of the model is done by comparing the model's response to the response of a Flownex ® model. The two test cases are investigated in section 4 from an energy perspective, one case for a leak and the other for rotating stall. Section 5 concludes the paper with a discussion of the results and planned future work.
STATE SPACE MODEL
A number of axial-flow compressor models can be found in literature. These models range from simplistic 1-D models of Greitzer (1976) to complex 3-D models of Takata and Nagano (1972) . The set of differential equations in Greitzer (1976) is used for the state space model in this paper. The model is capable of representing the dynamics of both rotating stall and surge. Temperature effects are however not included. The model is further expanded to include the dynamics of a leak in the plenum volume.
The system considered in the derivation of the state space model is shown in Fig. 1 . Three main components are identified in the system. These components include the compressor, plenum and throttle. The compressor is located in the inlet duct while the throttle is located in the outlet duct. The set of first order differential equations is given in section 2.2. These equations govern the dynamics of the system and include the characteristics of the compressor and throttle components. In section 2.3, a fault condition is implemented within the governing equation of the plenum. In the latter part of this section, the complete model, including the fault condition, is presented in state space format.
Model parameters
The model parameters and values for the compressor system considered in this paper are given in Table 1 . 
Compressor system governing equations
The set of first-order differential equations that describe the dynamics of the compressor system is derived from the conservation of mass and momentum balances for the compressor system. The set of equations is given by
with pp the plenum pressure, ∆ c the pressure rise across the compressor, ∆ i the pressure difference between the plenum and inlet and ∆ o the pressure difference between the plenum and outlet. The compressor time lag τ fo nd in (4) is given by
where Nstall is the number of rotor revolutions required to develop a stall cell and is selected as 2, as in Greitzer (1976) .
The characteristic that describes the pressure rise across the compressor is modelled by a third-order polynomial function. This function relates the mass flow rate through the compressor ṁc [kg/s] to the steady state pressure rise across the compressor ∆ c,ss [Pa] , and is given by 
Fault dynamics
A leak in the plenum is one type of fault that may occur in a compressor system. The result of this fault is a decrease in the performance of the system. Certain effects may be observed when the fault occurs.
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The effect of a leak may be included in the mass balance equation as follows:
with ṁh [kg/s] the mass flow rate through the leak. Deriving the first-order differential equation for the mass flow rate through the leak results in [Pa] the pressure difference between the plenum and ambient pressure. The mass flow rate through the leak is derived from (9). Two assumptions are made for this derivation. Firstly the thickness of the brim is negligibly small, that is Lh→0. Finally, the characteristic of the leak is considered a quadratic polynomial function as in (7), with a fixed opening. The mass flow rate is given by
State space representation
The nonlinear state space model consists of the state differential equation and the output equation as follows:
The state variables of the compressor system are selected as in (13) and the input vector as in (14).
The A and B matrices of the compressor system are given by (15) and (16) The compressor characteristic is generated from (6), converted to a non-dimensional form, normalised and introduced to the compressor component in Flownex ® .
Model simulation and validation
The ambient pressure is chosen as 100 kPa and the initial conditions of the state variables are given by
The inputs to the system are given by
The analytic model is simulated and validated by comparing its response to the response of the Flownex ® model. The comparison of the response is shown in Fig. 3 for the transition between the operating points. The compressor system is initially operated at a particular operating point (1) with a throttle opening of 100%. After 1 seconds, the throttle opening is instantly changed to an opening of 30% and the system undergoes a transient to a new operating point (2). At 3 seconds the throttle opening is changed back to an opening of 100%, thus bringing the system back to the initial operating point (1).
The discontinuities observed in the transients of the state variables are caused by the compressor time lag that is considered in the analytic model. The IAE performance index indicates the error between the response of the analytic and Flownex ® models and is indicated in the legend of each state variable.
ENERGY ANALYSIS
The main contribution of this paper is the energy visualisation based on the energy analysis of the system's energy. Ortega et al. (2001) describe dynamical systems as energy transformation devices. This is advantageous when dividing complex nonlinear systems, such as compressor systems, into sub-systems. The energies of the sub-systems add together to represent the complete system's energy profile.
The compressor system is divided into three subsystems, represented by nodes, as portrayed in Fig.4 . These nodes are labelled as follows: the compressor node C, the plenum node P and throttle node T. The power flowing in and out of each node is denoted by the subscripts A to F, and the power loss due to a leak is denoted by the subscript L. The stored energy in each node is denoted by subscripts C, P and T.
Fig. 4. System node diagram.
The power throughout the compressor system is calculated by 
where E0 [J] is the initial stored energy at t = to.
Steady state energy response under normal conditions
The steady state power is calculated from (19) and the steady state energy is calculated from (21). The power matrix at operating point 1 is given by These matrices indicate the ideal steady state operating points on the power-energy plane and can now be used for residual generation.
Power and energy residual generation for a leak
Power and energy residuals may be useful to identify faults that can occur in systems. These residuals are investigated when a leak is introduced with an opening of 0.0008 m 2 in the plenum of the compressor system. The power matrices for both operating point 1 and 2 are recalculated and given by . (27) A power residual matrix ri,p is defined as the difference between the power matrix under normal conditions Pi and the power matrix under a fault condition Pi,f. This matrix is defined as
The energy residual vector ri,e is defined as the difference between the energy vector under normal conditions Ei and the energy vector under fault conditions Ei,f as . (31) The residual matrices and vectors indicate that when a fault occurs in the system, the power flowing through the leak becomes an additional loss. The residuals indicate a shift in the steady operating points to less efficient steady state operating points. This is portrayed in the power-energy planes of Fig. 5 to Fig. 7 in section 4 .3.
Transient energy response under normal and fault conditions
The transient behaviour of the compressor system in the power-energy plane can be observed when a transition between the two operating points occurs. This is shown for the compressor node in Fig. 5 , plenum node in Fig. 6 and throttle node in Fig. 7 . A leak is introduced in the plenum with a selected area of 0.0008 m 2 . The result of the leak is a transient from point 1 to 3. The same throttle adjustment is introduced with the leak present. The result is a transition from point 3 to 4 and back. In Fig. 5 to Fig. 7 , the responses of the three components indicate changes in the trajectories and shifts of the powerenergy characteristics after a fault has occurred. The compressor dissipates more power, resulting in a slightly smaller net power characteristic. This can be noted in a comparison of the maximum and minimum values of powerenergy characteristics before and after the fault. Also, one can see a considerable increase in the stored energy in the compressor node after the fault has occurred. On the other hand, the leak introduced a loss of stored energy in the plenum and throttle node. From these power-energy graphs, features such as path length, area and centre of mass may be extracted and used for residual generation.
Rotating stall
An axial-flow compressor is prone to become unstable when operated to the left of the maximum on its compressor characteristic as stated by Greitzer (1998) . In such an event, the compressor enters a condition known as rotating stall. According to Gravdahl (1998) , rotating stall occurs when the circumferential flow pattern is disrupted. This leads to a decrease in the pressure of the compressor and plenum.
For this test case shown in Fig. 8 , the compressor is operated at operating point 1 with a throttle opening of 20%. This operating point occurs near the maximum of the ompressor's characteristic. The operating point is changed to point 2 with a throttle opening of 16% that is located to the left of the maximum of the compressor characteristic. At operating point 2, the compressor pressure rise as well as the energy stored in the plenum decreases due to the occurrence of rotating stall. In Fig. 8(a) , the power-energy cycle that is portrayed after the transition indicates considerable unwanted energy exchange. This is confirmed in Fig. 8(b) which shows the plenum energy for the shift in operating point. A damped response can be observed in the transient before the response converges to a steady operating point. Such characteristics are to be expected for an unstable operation such as rotating stall. Within the power-energy plane, this operation is also easily differentiated from a fault such as a leak, which does not necessarily cause instability. In fact, it is interesting to note that the introduction of a close-coupled valve was the solution proposed by Gravdahl (1998) for combatting instability of rotating stall.
CONCLUSION
Initial experiments have shown the potential of the powerenergy plane for calculating residuals. The premise is that a predictable pattern may be observed for faults within these different system components, ultimately leading to the isolation of the fault to a certain component of the system. However, generating and analysing a residual for the transient response may also give a clear indication of a fault. It is encouraging to notice that instability is also clearly differentiable from other faults using the energy visualisation perspective. The authors aim to continue research of this perspective for fault detection and diagnosis. The research further proposes to investigate how the energy representation may be used for control and condition monitoring. There is also interest to see how a fundamental approach to a system's energy relates to modern energy-based control techniques.
